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Let p be an odd prime. We derive new necessary conditions for the existence of 
2 - (v. k, ,I) designs where the block intersection sizes s ,. s2, . . . . s, satisfy S, z s2 I 
. ..F s, (modp). The method is to define a nondegenerate scalar product on a 
Zm-dimensional vector space and to construct an m-dimensional totally singular 
subspace. This result is a generalization to nonsymmetric designs of the 
Bruck-Ryser-Chowla theorem. ‘1” 1988 Academic Press. Inc. 
A 2 - (v, k, I) design is a collection 9I of subsets of a v-set such that 
every member of W contains k points and any pair of points is in J blocks. 
Let h be the number of blocks and let r be the number of blocks containing 
a given point. The identities 
bk = vr and r(k- l)= (v- 1) E. 
restrict the possible parameter sets. A s.vmmetric design is a 2 - (v, k, A) 
design such that b = v, r = k, and any two blocks meet in I- points. A 2 - (v, 
k, 2) design with two block intersection sizes is said to be quasi-symmetric. 
We consider 2 - (v, k, 2) designs 99 where the block intersection sizes s,, 
S?, . ..) s, satisfy sI=s2=...=s, (modp) for some prime p. For p = 2, 
Calderbank [2] derived the following necessary conditions for existence. 
THEOREM 1. Let SJ be a 2 - (v, k, A) design with block intersection sizes 
$1 5 ..., s,, where s1 = s2 = . . = s, = s (mod 2). Then either 
(1) rrl(mod4) 
(2) srO(mod2), k-0 (mod4), vs +l (mod8) 
(3) s=l (mod2), k=v (mod4), v= ?1 (mod 8). 
The next theorem provides new necessary conditions for existence when 
the block intersection sizes are congruent modulo an odd prime p. 
101 
0097-3165/88 $3.00 
Copyright ccr 1988 by Academic Press, Inc. 
All rights of reproduction m  any form reserved. 
102 A. R. CALDERBANK 
THEOREM 2. Let p be an odd prime and let S? be a 2 - (v, k, A) design 
with block intersection sizes sl, s2, . . . . s, satisfying s, - s2 5 . . = s, E s 
(modp). Then either 
(1) r=A (modp’), 
(2) vr0 (mod2), vrk=s=O (mod p), (-1)“” is a square in 
GF(p)> 
(3) v=l (mod2), v=k=s & 0 (modp), (-1)‘“P”‘2s is a square in 
GF(P), 
(4) r - 1s 0 (modp) and either 
(a) v=O (mod2), vrkrs $ O,(modp), 
(b) v = 0 (mod 2), k E s 8 0 (mod p), v/s is u nonsquare in GF(p), 
(c) v = 1 (mod 2p), r = 0 (mod p*), k =s f 0 (modp), 
(d) vrp (mod 2p), krsr0 (mod p), 
(e) v = 1 (mod 2), k -s - 0 (mod p), v is a nonsquare in GF(p), 
(f) v = 1 (mod 2), k E s E 0 (mod p), v and ( - 1)‘” ~ lu2 are squares 
in GF(p). 
Proof: The block graph ri, i= 1, 2, . . . . n, is the graph with vertices the 
blocks of ,?+Y where two blocks zi, z2 are adjacent if and only if 
Iz, nz, 1 =si. If Ai is the adjacency matrix of the block graph r, and if C is 
the incidence matrix of 99 then 
CTC= (r-A)Z+D, (1) 
n-l n-1 
CCT=kZ+ 1 siAi+s, J- C Ai-Z 9 
> 
(2) 
i=l i=l 
where J denotes a square matrix with every entry 1. Calderbank [2] 
proved 
k = s (mod p), (3) 
r=l (modp), (4) 
by reducing (1) and (2) modulo p. (Let Rank, (M) denote the p-rank of a 
matrix M. The congruence of the inersection sizes modulo p forces Rank, 
(C)<Lv/2J + 1. If k & s (modp) then Rank,(CC’)a b- 1 and Fisher’s 
inequality implies Rank,(CC=) 2 v - 1. If r f 1 (mod p) then Rank, 
(CTC)2v- 1.) 
Suppose r f A (mod p’). 
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Consider the Smith normal form of the incidence matrix C over the 
rational integers. There exist unimodular matrices P and Q such that 
where D=diag [A,, hZ, . . . . h,]. The invariant factors h, , h,, . . . . h, satisfy 
h,(h,+,,j= 1, 2, . . . . v- 1, and 
di = fi h, = gcd of the determinants of the i x i submatrices of C. 
j= 1 
The Binet-Cauchy theorem (see, for example, Gantmacher [6, Vol. 1, p. 93 
implies that 4 divides the gcd of the determinants of the ix i submatrices 
of (r-1) Z+ AJ. Hence 
dSIdet((r-A)Z+AJ)=(r-II)“-‘(r+(v-1)I). 
Next we prove 
(5) 
d;p, I(r-A)y-2gcd(r,A). (6) 
Let X=(r-;i)Z+AJ. Then 
X-LLZ- I 
r-l (r-A)(r+(v-l)A)J 
1 A(2r + (v - 2) A) 
=‘X-(r-A)Z(r+(v-l)A)J’ (r-1) 
so that 
~[(-l)'+'det(X,,,],~X- 1(2r+(v-2)1) J. 
(r-2) (r-A)2(r+(v-l)A) 
Now we equate coefficients. For i #j we have 
det Xji= f (r-A)yp2A, 
and for i=j we have 
(7) 
detXii=(r-A)Y-2(r+(v-2)A). (8) 
The gcd of the determinants of the (v - 1) x (v - 1) submatrices of X is then 
(r-A)y-2 gcd(r, A) and this finishes the proof of (6). 
We consider the power of p dividing the invariant factor hi. The con- 
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gruence of the block intersection sizes modulo p implies Rank,(C) d 
Lv/2 J + 1, and so p 1 hi for i> Lv/2 J + 1. We divide the analysis into two 
parts. 
Case 1. gcd(r, A) f 0 (modp). It follows from (6) that the highest 
possible power of p dividing d” _ 1 is p L(“-2)‘2J. Since r = A (modp) we have 
r, 1 & 0 (mod p). The identity (v - 1) A = r(k - 1) implies 
v-k=s(modp). (9) 
Suppose v is even. First we show h”,*+, = 0 (modp). If h”,z+, & 0 
(modp) then Rank,(C) = v/2 + 1 and s f 0 (mod p). The row space of C 
can be extended to a totally singular (v/2 + l)-dimensional subspace of 
GF(p)“+’ with respect to the nondegenerate scalar product 
diag[l, 1, . . . . 1, -s]. This is not possible and so h”,, + 1 = 0 (mod p). Since 
p’l’ does not divide d”- , it follows that h”,* f 0 (modp) and 
RankJ C) = v/2. Now 
(p”-‘“/2f1)+‘)2 IdzI(r--I)‘-‘(r+(v-l)A) 
and so r+(v-l)l-0 (modp). Since r=13 (modp) we have v=k-s0 
(modp). The row space of C is a totally singular v/2 dimensional subspace 
of GF(p)” with respect to the usual dot product (diag[l, 1, .,., 11) and so 
(- 1)“/2 is a square in GF(p). 
Suppose v is odd. If h,“, 1 ,,2 - 0 (mod p) then 
(P”- - ’ (“~“‘2+‘)2 Id:-,I(r-A)“~*gcd(r,A). 
This contradicts gcd(r, A) f 0 (modp) and so h(“+ 1,,2 & 0 (mod p), 
Rank,(C) = (v + 1)/2 and s & 0 (mod p). The row space of C can be exten- 
ded to a totally singular (v + 1)/2 dimensional subspace of GF(p)“+ ’ with 
respect to the nondegenerate scalar product diag[ 1, 1, . . . . 1, -s], and so 
(-1)(“+‘J’2 det(diag[l, l,..., 1, -s])=(-l)‘“-““s is a square in GF(p). 
Case 2. r, A E 0 (mod p). It follows from (6) that the highest power of 
p dividing d” _, is pL(“- ‘)/*‘. The identity bk = ur implies b s 0 (mod p) or 
kzs=O (modp). 
Suppose v is even. Then h”,, + , E 0 (mod p) and h”,, & 0 (mod p) for the 
same reasons as in Case 1. Thus Rank, (C) = v/2. If k = s - 0 (mod p) then 
the row space R of C is a totally singular v/2 dimensional subspace of 
GF(p)” with respect to the usual dot product and so ( - l)“‘* is a square in 
GF(p). Since j=(l,l,...,l)IR it follows that jeR and v=k-s-0 
(mod p). Now suppose v is even and k, s & 0 (mod p). If j E R then j - z E 
RnR’ for any block ZELB and so v-k=0 (modp). IfjeR and v/s=t* 
(modp) for some t E GF(p), then (j, R) can be extended to a totally 
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isotropic v/2 + 1 dimensional subspace of GF(p)“+ ’ with respect to the 
scalar product diag[ 1, 1, . . . . 1, -s]. We have proved that if v is even and k, 
s & 0 (mod p), then either v E k z s (mod p) or v/s is a nonsquare in GF(p). 
Suppose v is odd. If h,, + i ,,2 & 0 (modp) then the row space R of C can 
be extended to a totally isotropic (v + 1)/2 dimensional subspace of 
GF(p)“+’ with respect to the nondegenerate scalar product diag[ 1, 1, . . . . 1, 
-s] and so (-1) (“--j)” s is a square in GF(p). If z EL% is any block, then 
j-zER’, so j-zERnR’ and v z k=s (modp). Now suppose 
h,,, ,,,* E 0 (mod p). Since p (“+ ‘)” does not divide d, _, it follows that 
h (VP 1 ,,z & 0 (mod p) and Rank, (C) = (v - 1)/2. Now 
and so p* (r+(v-l)A=rk. If k,s & 0 (modp) then r-=0 (modp’) and 
v=l (modp). Now suppose k=srO (modp). If j=(l, l,..., l)eR then 
v = k=s-0 (modp). Ifj$ R then v f 0 (mod p) for otherwise (j, R) is a 
totally isotropic (v + 1)/2 dimensional subspace with respect to the usual 
dot product. If v = t* (mod p) for some t E GF(p) then (( 1, 1, . . . . 1, t), 
(c, O)l c E R ) is a totally isotropic (v + 1)/2 dimensional subspace of 
GF(p)“+’ with respect to the scalar product diag[ 1, 1, . . . . 1, - l] and so 
( - 1)“’ ~ ’ )‘* is a square in GF( p). This iinishes the proof of Theorem 2. 
Remarks. (1) Neumaier [ 1 l] identified 4 classes of quasi-symmetric 
2 - (v, k, A) designs and generated a list of 23 exceptional designs with 
2k 6 v 6 40 not belonging to any of the 4 classes. The 23 feasible parameter 
sets passed two further existence tests that are analogous to the Krein con- 
dition (see Seidel [ 133) and the improved absolute bound (see Neumaier 
[lo]). Neumaier has extended the original list to give the 72 exceptional 
designs with 2k < v d 70, and we reproduce the list here. When a design 
exists the number in brackets indicates the number of nonisomorphic 
solutions if this is known. Theorems 1 and 2 eliminate 10 out of the 72 
feasible parameter sets. 
(2) The Bruck-Ryser-Chowla theorem gives necessary conditions for 
the existence of symmetric block designs (see Ryser [ 121 for a very short 
proof using the Witt cancellation law [S]). 
THEOREM. Let v, k, 1 be integers for which a symmetric 2 - (v, k, A) 
design exists and let v be odd. Then the diophantine equation 
has a solution in integers x, y, z not all zero. 
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Lander [9] restated the Bruck-Ryser-Chowla theorem as follows (m* 
denotes the square-free part of an integer m): 
THEOREM. Let v, k, 1 be integers for which a symmetric 2 - (v, k, A) 
design exists and let v be odd, Then for every odd prime p, 
(1) ifpJ(k - A)* and p 1 Iz* then (k-A)* is a square in GF(p); 
(2) ifp)(k-A)* andp/A* then (-1) (“- ‘)I* A* is a square in GF( p); 
(3) ifpI(k-A)* andpIl* then (-l)(“+‘)‘* I2*(k-1)*/p* isasquare 
in GF(p). 
Lander [9] gives an alternative proof of parts (2) and (3) by defining 
nondegenerate scalar products on GF(p)’ + ’ and constructing (v + 1)/2- 
dimensional totally singular subspaces. Theorem 2 is proved using this 
same approach. Note that part (1) follows directly from the identity (v - 1) 
A=k(k-1). For if k& 0 (modp) then k=lrk--l (modp) which is a 
square in GF(p). Now if k E 0 (mod p) then the highest power of p dividing 
A also divides k. Since A* ~0 (modp) and (k-A)* & 0 (modp) we have 
v= 1 (modp). Now (k-,l)/A=v-k2/A and so (k-1)/A= 1 (modp) and 
(k - A)* is a square in GF(p). 
(3) The Johnson scheme J(v, k) provides a natural framework for the 
study of designs on v points with block size k. The point set .I’ of this 
association scheme is the set of all k-subsets of a v-set. The classes 
Ri=((x,y)lIIxnyJ=k-i}, i = 0, 1, . . . . k, 
partition the 2-element subsets of X. Let D, = I and let Di be the adjacency 
matrix of the graph (X, Ri). Delsarte [4] proved that the ilth entry of the 
dual eigenmatrix is H,(i), where H,(x) is a Hahn polynomial defined by 
Let G? be a family of k-subsets of a v-set. The inner distribution 
a = (ao, a,, . . . . ak) of &I is given by 
which is the average valency of Ri restricted to W. The dual distribution 
b= (b,, b,, . . . . bk) is defined by 
1 
b=pjpQ, 
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where Q is the dual eigenmatrix. The commuting symmetric matrices 
D,, D1, . ..> Dk span a (k + 1 )-dimensional real algebra which is semisimple 
and admits a unique basis of mutually orthogonal idempotent matrices .I,,, 
J 1, .-, Jk. Then ~~~(1~1/1~12~11~~112~ where 7rci is the projection of the 
characteristic vector of W onto the eigenspace Vi spanned by the columns 
of J,. For a proof see Debarte [4]. The entries bi of the dual distribution b 
are nonnegative. Furthermore Delsarte [4, Section 4.2; 5, Theorem 33 
proved that a family .!@ of k-subsets of a v-set is a t-design if and only if the 
dual distribution b satisties b, = b, = . . . = b, = 0. 
Consider a quasi-symmetric 2 - (29, 7, 12) design 8. The dual eigen- 
matrix Q is the matrix 
1 27 350 2898 17199 77805 278460 
153 1550 119340 
17- 7 
9522 100035 
- 7 5499 ~ 7 - 7 
117 
7 
81 
T- 
45 
7 
9 
7 
-27 
7 
-9 
845 
7 
335 
7 
20 
1 
-100 
7 
-25 
7 
35 
3243 
7 
6003 
133 
- 7452 
133 
- 276 
133 
6003 
133 
- 1449 
819 
- 4563 
19 
-39 
1911 
19 
- 1989 
19 
1911 
- 3705 
7 
- 3393 
7 
2301 
7 
- 22555 
119 
13845 
119 
1365 
-33150 
7 
163098 
133 
- 2652 
7 
18980 
133 
- 17355 
266 
1365 
807300 
-269100 
7 
26910 
7 
- 80730 
133 
17940 
133 
- 89700 
2261 
67275 
4522 
-4485 
646 19 19 17 38 
and the inner distribution a is the vector 
a = (1, 0, 0, 0, 105,0, 182,0). 
Then 
( 
99360 
uQ = 288,0,0, T, 
113022 2269410 4309305 266207175 
-T’-’ 17 19 323 > 
and so b, < 0. Quasi-symmetric 2 - (28, 7, 16) designs can be eliminated in 
exactly the same way. 
Neumaier [lo; 11, Proposition 121 derived an inequality satisfied by the 
parameters of a quasi-symmetric 2 - (v, k, A) design L%. Equality holds if 
and only if B is a 3-design. This inequality is equivalent to the assertion 
that b,, b,, b, B 0, with b, = b, = b, = 0 if and only if &I is a 3-design. The 
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number of blocks in a quasi-symmetric 2-(v, k, A) design satisfies 
b < v(v - 1)/2. Equality holds if and only if 9J is a 4-design (see Cameron 
and van Lint [3, Chap. 31). Tonchev [ 141 proved that quasi-symmetric 
2- (28, 7, 16) and 2 - (29, 7, 12) designs do not exist using the 
classification of self-dual binary [30, 15, 61 codes. The parameters of these 
designs satisfy b < v(v - 1)/Z and Proposition 12 of Neumaier [ 111. 
However, they do not satisfy the condition b, 20. This shows there is a 
new (linear programming) inequality satisfied by the parameters of a suasi- 
symmetric 2 - (v, k, A) design that can be derived from the condition b, 2 0 
(Table I). 
TABLE I 
Neumaier’s List of Exceptional Quasi-Symmetric ZDesigns with 2k < v  Q 70 
Number v  k I r b s, s2 Existence Remarks 
1 
2 
3 
4 
5 
6 
I 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
I8 
19 
20 
21 
22 
23 
24 
19 9 16 36 76 3 5 
20 10 18 38 76 4 6 
20 8 14 38 95 2 4 
21 9 12 30 70 3 5 
21 8 14 40 105 2 4 
21 6 4 16 56 0 2 
21 7 12 40 120 1 3 
22 8 12 36 99 2 4 
22 6 5 21 71 0 2 
22 7 16 56 176 1 3 
23 7 21 77 253 1 3 
24 8 7 23 69 2 4 
28 7 16 72 288 1 3 
28 12 11 27 63 4 6 
29 I 12 56 232 1 3 
31 7 7 35 155 1 3 
33 15 35 80 176 6 9 
33 9 6 24 88 1 3 
35 7 3 17 85 1 3 
35 14 13 34 85 5 8 
36 16 12 28 63 6 8 
37 9 8 36 148 1 3 
39 12 22 76 247 3 6 
41 9 9 45 205 1 3 
No 
No 
No 
Yes (1) 
Yes (1) 
No 
Yes (1) 
Yes (1) 
Yes (1) 
No 
No 
Yes 
No 
Yes (5) 
No Calderbank [2] 
No Theorem 1 
Yes 
Calderbank [Z] 
Dodecad geometry [Z] 
Octad/dodecad 
geometry [2] 
Theorem 1 
Theorem 1 
Goethals and 
Seidel [7] 
Goethals and 
Seidel [7] 
Calderbank [Z] 
Witt [17] 
Goethals and 
Seidel [7] 
Witt [17] 
Brouwer and 
Calderbank [ 1 ] 
Tonchev [ 143 
Cameron [ 111 
Tonchev [ 141 
Brouwer [ 111, 
Tonchev [IS] 
Cameron [ 111 
Table continued 
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Number v k d r b si s2 Existence Remarks 
25 41 20 57 120 246 8 11 
26 41 17 34 85 205 5 8 
27 42 21 60 123 246 9 12 
28 42 18 51 123 287 6 9 
29 43 18 51 126 301 6 9 
30 43 16 40 112 301 4 7 
31 45 21 70 154 330 9 13 
32 45 9 8 44 220 1 3 
33 45 18 34 88 220 6 9 
34 45 15 42132396 3 6 
35 46 16 72 216 621 4 7 
36 46 16 8 24 69 4 6 
31 49 9 6 36 196 1 3 
38 49 16 45 144 441 4 7 
39 49 13 13 52 196 1 4 
40 51 21 14 35 85 6 9 
41 51 15 7 25 85 3 5 
42 52 16 20 68 221 4 7 
43 55 16 40 144 495 4 8 
44 55 15 63 243 891 3 6 
45 55 15 7 27 99 3 5 
46 56 16 18 66 231 4 8 
47 56 15 42 165 616 3 6 
48 56 12 9 45 210 0 3 
49 56 21 24 66 176 6 9 
50 56 20 19 55 154 5 8 
51 56 16 6 22 77 4 6 
52 57 27 117 252 532 12 17 
53 57 9 3 21 133 1 3 
54 57 15 30 120 456 3 6 
55 57 12 11 56 266 0 3 
56 57 24 23 56 133 9 12 
57 57 21 25 70 190 6 9 
58 57 21 10 28 76 7 9 
59 60 15 14 59 236 3 6 
60 60 30 58 118 236 14 18 
61 61 25 160 400 976 9 13 
62 61 21 21 63 183 6 9 
63 63 15 35 155 651 3 7 
64 63 24 92 248 651 8 12 
65 63 18 17 62 217 3 6 
66 64 24 46 126 336 8 12 
67 65 20 19 64 208 5 8 
68 66 30 29 65 143 12 15 
69 69 33 176 374 782 15 21 
70 69 18 30 120 460 3 6 
71 70 10 6 46 322 0 2 
72 70 30 58 138 322 10 14 
NO 
No 
Yes 
Theorem 2 
Theorem 2 
Tonchev [ 151 
No 
No 
Theorem 2 
Theorem 1 
Yes Tonchev [ 161 
No Theorem 2 
No Theorem 2 
Yes Brouwer [ 121 
No Theorem 1 
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